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ABSTRACT

A theoretical analysis for the unsteady pressure distribution
and generalized aerodynamic force on an oscillating wall of finite
extent in the chordwise direction with a thick boundary layer is
presented. The analysis is based on a two~dimensional model for the
turbulent boundary layer of given velocity profile. Linearized
potential flow theory is applied and the finite chord case is
treated by using Fourier Integral techniques.

The theoretical equations for a thick, two-dimensional boundary

layer with small perturbations are given in the Appendix.
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I. INTRODUCTION

In recent years attention has been devoted to the description of
the effects of a turbulent boundary layer on the flutter characteristics
of aircraft and space vehicle skin panels ﬁ,g]*. In these studies the
unsteady pressure distribution on oscillating walls has been estimated
either by using a viscous fluid model (McClure) or by using a shear flow
model (Fung). Both authors treat only the case of a panel boundary of
infinite extent in the chordwise directionm.

In this report a theoretical analysis 1s presented for the unsteady

on an necrillatrine wall Af finite ovxtant in trhe

. .
nrocaure dicetribhutin
v i Qars \Jo\—.&d.&al—-l.l-l-s WQla A A S A bl LG e dh bl il il
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chordwise direction. The analysis is based on a two-dimensional model
for the thick boundary layer of given velocity profile. Separating the
boundary layer in N sublayers with uniform velocity, the pressure distri-
bution in each sublayer is estimated by applying linearized potential
flow theory. The finite chord case is treated by writing the panel
boundary in Fourier Integral form and developing the appropriate transfer
function for the unsteady pressure distribution. It is shown that the
transfer function remains finite for all wavelenghts in the presence of

a boundary layer so that well-known procedures can be utilized for
numerical evaluation.

The theoretical equations for a thick, two-dimensional boundary
layer with small perturbations are given in the Appendix. At present,
these equations are not amenable to panel flutter analysis and further
development seems warranted only after more detailed information on the
shear model 1is collected.

A brief literature survey is also given in the Appendix.

*Numbers in square brackets refer to the bibliography.



II. THE PRESSURE DISTRIBUTION ON A TRAVELING WAVY WALL
WITH A THICK BOUNDARY LAYER

Consider a two-dimensional laminar flow in the x-direction with a
given mean velocity profile U(y). We assume that the mean flow is a
boundary layer flow, which joins the external flow, UN , at y = § (see
Figure 1).

Let the traveling wavy wall boundary at y = 0 be given by

w, = A e e H —®© < x < 4w (1)

The problem then becomes to determine the pressure perturbation Pys
at y = 0, and within the boundary layer in terms of w

0
For simplicity, we divide the boundary layer & into N sublayers of
thicknesses, 60,61,...,6n,...,6N_1 and assume that in each sublayer the

mean velocity and density is uniform. We also assume that the amplitude
A, is small compared to the thickness of each sublayer and that the
perturbed flows in the sublayer and in the external flow are isentropic
and irrotational. The linearized equations for the perturbation velocity
potential ¢ can then be utilized to obtain the perturbation velocity

and pressure fields within each sublayer. For generality, the external
flow velocity Uy is assumed to be either sub- or supersonic so that the
mean flow velocity in the sublayers are either sub- or supersonic.

The expressions between the displacements and pressures of a sub-
or supersonic sublayer can be obtained as follows.

Let the uniform mean flow velocity, the fluid density, and Mach
number of the nth sublayer of thickness, §,, be given by Un’ py> and My,
respectively (see Figure 1).

The governing equation for the velocity potential ¢n in the sublayer
is

2 2 2
1-M 2 d ¢’n + 0 ¢’n _ 2Mn 9 ¢n _ 1 9 ¢n -0 (2)
n 2 2 c axadt 2
X ayn n c



The boundary conditions for tangential flow are

3¢n Bwn Bwn
oy Y + Un 9x (3)
n |y = 0
a¢n awn+l + U 8wn+1 4)
oy ot n X
noiy, = 6,

where w, and w are the displacements at Yn = 0 and Y, = én, respectively.

n+l

The perturbation pressures at the edges of the sublayer are given by

ad 3¢
= - _n I
pn N pn <:;t + Un Bx‘:> (5
y_ =20

n

29 29
Poe1 = " Pn\ 3c * Unax I (6)
yn n

where p, and p,4; are the pressure perturbations at y, = 0 and Y, = 8§

respectively,

n

Let for -= < x < 4+ s —0 < A < oo
w = A ele elwt 7
n n
iAx iwt
Yo+l = Aptl © ¢ (8)
2 iAx iwt
Py =7 % Un P, e € (9)

el (10)

Potl =~ Pnt1 Yne1 Fner ©

where A are in general complex quantities,

n’ An+1’ Pn and Pn+

1



If Un is subsonic, Mn < 1 and equation (2) has the solution

-Y 0.y +y oy .
¢n = Un [Cn e T 4 Dn e n n;] el)‘x eiwt (11)
where
2 1/2
an w2 ]> /
= A — -
°n o2 2 4 (12)
n' an 'n
and

Y, = Y1l - an (13)

If U_ is supersonic, so that Mn > 1, the solution of equation (2)
becomes

-iB_ 1y +iB T ¥y . .
¢n = Un I:En e ooy Fn e on J elkx elwt (14)
where
1
Muw 2 2 /2 1
. = 3 4D LW (15)
n 2 2 4
Can a Bn
and
B o= M2_1 (16)

n n

In the region -» < A < ©, g and T_ can be either real or pure

imaginary. For the sublayers, where both the positive and negative
root is applied, a proper selection of these roots for specific values
of A is not required. For the external flow region, y > &8, however, a
selection of the proper root must be based on the radiation and finite-
ness conditions at infinity.



Let the relative Mach number corresponding to the relative velocity

between the traveling wave and the external flow velocity be

Solutions of
become

a) M_N >1 3 A
Y
b) ﬁN >1 3 A
x
) -ls<Mg <1
N
d) ﬁN < -1 ;
*N
e) H.N < -1 3

= I
By =y * 5o an
equation (2) with the proper behavior at « then
>0
1/2
2= 2
ok L0 -1) oy
A
_ UNKN JEEE I N Qlut (18)
>0
1/2
2/= 2
iAx +i {A (MN - 1) } Y et
= UNKN e e e (19)
i A <0
1/2
2 = 2
-Pr-n) oy
_ UNKN elkx e MN elwt (20)
>0
1/2
20= 2
+i {2%( - 1) } y
- UNKN eikx e elwt (21)
<0
1/2
2= 2
-1 (M - 1)}y
iix eiwt (22)



Interpreting (18) - (22) in the notation of (11) and (14), using
only the first term in the square bracket, we find after a few algebraic
manipulations, that the solution of equation (2) for the external flow
region can be written as

a) For MN <1,

by = Upy e'YNONy JAx _tut (2%
where
] e\ 2 VT
°n T )\_CNYZ -CNZYN4 ? >cN(l—l"LN)
or A < ZETIEI—EEY
=i w? - w? 211/2 , w N o
chYNa CNYNZ \[ en(1 + M) ey (X - M)
(24)
and

Y = /1 - MN2 (25)

b) For MN > 1,

-iB8.1..y
NN eixx eiwt (26)

where



rz - MNw\Z‘]l/Z |
R el SR 2 ; (w Ty <A (w+1)
C - C

ey By ey N My N My

2 ]&1/2

2 2 4 ; (L - D
CNBN Cx BN‘[ N MN
2
By = -1 (27)

Although strictly speaking not required, it is convenient to define,
in general

M 2 2 1/2
= A_ n — w . A>——-—ui——-———
®a oy 2 2 4 ’ c (T-1M)
nY Cn Yn
or X <=
— Lu pr— -
=1 C2 & <Ei
n Yn

—_—
cn(l + Mn)

2 [1/2
M uw
n ey —
2 ’ c (1 +M) c (1L -M)
c Yn n n n n

(28)



and 2 1/2
th w2 ©
=< (2 + - s> - — B
“a c 2 . 26 4 ? c M+ 1)
n n n n nn
211/2
w2 an u
- il — [+ R P R
2 4 2 ’ —
c “8_ c B c (M - 1) cn-(Mn + 1)

(29)

[}
i
VR
+
s | =
w8
=] €
\<j_,//
N
t
0
=}
role
o N
=]
i
-
~
[y
>
A
|
=}

—_—
c (Mn - 1)

for the sublayers as well as the external flow region.

The relation between the deflection and pressure coéfficients for
the sublayers can be obtained as follows.

If U, is subsonic, M, < 1, we eliminate C, and D,, using 3 - (5),
(7) - (9) and (11) and find

e + e o nn n e - e
= —— Pn (30)

where

o =v.0.8 (31)

Similarly, using (3), (5) - (7), (9 - (11), yields



Pot1 = 5 2 g2 Y0 2 A
Pnt+1 “nt+l n
o U 2 —an +an
nn e + e
+ . 3 2 Pn (32)
P+l “n+l
If U_is supersonic, M_ > 1, we find using (3) - (5), (7) - (9)
" n n
and (14),

-a +a 2 -a +a
o n +e D iB Tn Un e D_o D
Al = 3 At 2 2 P
A L4 Un)
€
(33)
where
a, = iBnTndn (34)
and using (3), (5) - (7), (9) - (11), and (14)
2 - -
2 W -a +a
P - ann <;X + Un) Az e oo e ™ A
n+l U 2 U 2 i8 T 2 n
pn+l n+1 n n
o U 2 —&n +&n
n n e + e
+ > 9 Pn (35)

P+l Ynt1
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For clarity, we write (30), (32), (33) and.(35) in matrix form

n+1 n

= [GQ] (36)

n+1 n

where the elements of Gn are given by , for M <1,

n

g _ e n + e n
nll 2
¥ o U 2 —an +an
_ n n e - e
&n 2 2 2
A )
2 X (e
A n
2 ( @ ;)2 -a +ao
. ~ o} Un 3 + U AZ e n _ e D
n 2 2 Y. o 2
21 pn+l Un+l Un n
U 2 -a +a
pn n e n + e o
g = (37)
n22 U 2 2
pn+1 n+l
where
@ = Ynonﬁn
Yy. =971 -M 2
n n
o, is defined by (28) (38)



and, for M_ > 1,
n

11

2 -Q, +a

18 1 U
nn n e
n 2 2 2
12 A (Eg_+ U;>
A n

2 W -a +a
ann <>\ + Un>z >\2 e no_ e n
2 2

U 1Bnrn 2

21 pn+1 Un+1 n

g = (39)
n22 2 2

where

Q
[
[ R
wn
=]
]
o)
O
ja}

T_ 1s defined by (29) (40)

Consequently,

- [H] (41)




o] = fena] [once] - - - [l w

If the flow external to the boundary layer is subsonic, so that Mn <1,
its velocity potential is given by (23) and we find, using (3) and (7),

if9-+ U, A

N YNONUN

so that from (5) and (9) there follows

(§-+ UN>2A2
=" 2 ‘¥ (44)

YNONUN

The pressure coefficient, Po, is obtained from (41) and (44)

o)
7 i1

h -
21
Yx°x N
Po— 2<;) j AO 3 MN<1 (45)
AL+ y
h, - —2 N2y
227 T 2 12
n Un

where hll’ h12’ h21, and h22 are the elements of the matrix H.

If the external flow is supersonic, My > 1, its velocity potential
is given by (26) and there follows from (3) and (7),

E = - A_N (46)



and from (5) and (9)

’13 \\2 2
. =_1K>\+UN)A

N 2 Ay

Using (41) and (44), the pressure coefficient, P

i>\2<% + UN)Z
h

b+ 2 11
8.17. U
P = - N A
>
0 1A2<—“i+u>2 0
‘ h.. + AN h
22 e e U2 12
N Un

(47)

0’ becomes

My > 1 (48)

The perturbation pressure at the surface of the traveling wavy wall

Wy = Ao eiAx eiwt ; o< g < e
- < A < +4o
is given by
P = - poUO2PO eiAx eiwt
or
Py = - pNUNZ F(A)AO eiAx eiwt
where

(49)

(50)

13



F(A),

Thus,

14

h -
2 21
p,U Y4704 U
F(A) = - 20 o2 - NwN N - P owo<1
U V(240
PN°N < Y nm) h
h.. - 12
22 5 u.2
NN “N
, 2
L4y )
h.. + AN/
p2 21 6 v 1.2 11
- _ p0 0 NN °N 3 MN > 1 (51)
2 2/ w j)z :
0. U ix(2+vu
NN, AT N L
22 6 v u.2 12
N'N N

It is interesting to note the following characteristics of the function

(a) If 6§ -~ 0, 6n -+ 0 and

g =1 ; g =g =0
11 012 o1
2
g _ DnUn
N.. 2
22 pn+l n+l
hjp=1 3 Byy=hy; =0
2
L PoY%
22 U 2
oV



and

2
PN CLL )

3 Mg <1
"n Ux
ilw+ UN£>2
- - s— 3 My> 1 (52)
Bx™x Un
so that
(e 0
PO - N - N Ao eikx eiwt . MN <1
NN
ip (w+U>>2
N N iAx dwt
= + A, e e’ 3 My > 1 (53)

By

which is the expected traveling wavy wall solution.

(b) If § =0 and w = 0, we obtaln the stationary wavy wall solution
without a boundary layer

2
|

0, U |A]
_ N'N iAx
P0 = -—f?—-——— Ao H MN <1
N
2
ip, U "2
N'N iAx .
3 A.0 5 MN > 1 (54)

(c) If 6§ #0 and w = 0 the results correspond to those given in
progress report No. 2 for a stationary wavy wall with a thick boundary
layer.

15



Of importance for the numerical evaluation of F(A) is the fact that
only if § = 0 and w # 0, F()) contains singular points, since oy and t
become zero for specific values of A. However, if § # 0, F(A) remains
finite for all values of A. '

16



III. THE UNSTEADY PRESSURE DISTRIBUTION AND GENERALIZED FORCE
ON AN OSCILLATING WALL OF FINITE CHORD LENGTH
WITH A THICK BOUNDARY LAYER

The unsteady pressure distribution on an oscillating wall of finite
chord length with a thick boundary layer can be obtained from the previous
results by writing the wall boundary in Fourier integral form.

Let the oscillating wall boundary at y 0 be given by

iwt
wo(x,t) = zo(x) e 3 0<x<a

=0 ; x<O0Oorx>a (55)

In Fourier integral form, (51) becomes

oo
wy G, t) = %;-J £(0) e a4y vt (56)
where
, a
f(A) = [+“ z . (x) e—le dx = f z . (x) e—ilx dx (57)
-0 0 0 0

The unsteady pressure distributions at y = 0 follows directly from
(49), (50), and (56)

2
p..U
py(x,t) = - EHN FOA) £(2) e?® gy elvt (58)

-_—00

It is customary in panel flutter analysis to utilize a Ritz-Galerkin
method to obtain the flutter boundaries and to satisfy the panel boundary
conditions by choosing a suitable set of deflection functions. Therefore,
let

17
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2y(x) = g q, ¥, (x) | (59)

where Tr(x) satisfies the appropriate boundary conditions. From (57)

£ =] q,. ¥ () (60)
r

where

v () = Ja (x) e 1% g (61)
. = . v (x) e x

The unsteady pressure distribution at y = 0 becomes

4o

q FO) () el gy lut (62)

-—00

The generalized aerodynamic force is defined by

a
Q (t) = Jo P, (x,t) v (%) dx
2
p..U
- ng z qs Rrs eiwt (63)
s
where
oo
RrS = J-m F()) Wr(-A) WS(A) dA (64)



For a panel with primed edges at the leading and trailing edges
(x = 0,a),

wr(x) = sin iﬂ'x (65)
and
a
. rL' .
Wr(k) = sin--g-1 x e_l)\x dx = ' ; 3 12 [l - (-F e_lla]
0 a
(66)
Thus,
rsﬂz ~+oo {1 _ (_1)r e+i>\a }{1 _ (_l)s e—ika}
Fe =72 | TO 2 2 4
2 2
R ((+Z) -H(sZ) -4}
(67)

where F()) is defined by (51).

For a panel with clamped leading and trailing edges

Wr(x) = Cosh er - cos er - e (Sinh er - sin er) (68)

where

Cosh Era - cos Gra

€, = — — (69)

Sinh 6§ a -~ sin 6§ a
r r

and Gr is given by the characteristic equation

Cosh 6 a cos 6 a =1 (70)
r T

19



We write wr(x) in the form

Erx —6rx
=1 _ 1
wr<x) L(1 er) e + %(1 + er) e
+i-§rx —i-grx
- (1 + er) e - %(1 - sr) e (71)
Since
a
ax -iAx _ 1 (a-iN)a _
[ e e dx = PESETY [e 1] ’ (72)
N

a -
. (1 -¢) (8§ -iN)a
¥ (A) = v ()) emlkx dx = _______r_ [e r -1
r 0 r 2(8_ - 1))

1+¢e) - (8§ + iNa i(l+¢) i(§ -\)a
- [e t - 1J 4——fj———£ e T - 1]
2(8r + i)) 2(5r - )

i(l - ¢€) -i(8 +)\)a
-— [e t -1 (73)
2(3_ + 1)

Using (73), Rrs for the clamped edge case follows again from (64).

The main difficulty in the foregoing analysis will be the evaluation
of the infinite integral in the expression for R, . Since it is to be
expected that F(\) as well as Wr(l) are oscillatory with X special care



should be exercised to maintain accuracy if numerical techniques are
applied. A cursory analysis, in which the effects of the boundary layer
are ignored, shows that F(A) increases linearly with A, If it is assumed
that also with a thick boundary layer F(A) is proportional to A, the kernel
of the infinite integral in the expression for R__ is at least proportiomnal
to 1/A, since Wr(k) is at least proportional to I?A.

In view of these circumstances it is proposed in the continuation
of these research efforts to numerically evaluate the function R,y for
typical boundary layer profiles and panel design configurations to obtain
a better understanding of the difficulties 1involved. Should the analysis
prove promising, the effects of a thick boundary layer on the flutter
characteristics of a two-dimensional panel configuration should be studied,
followed by an extension of the present theories to the three-dimensional
case,

21
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IV. RECOMMENDATIONS AND FUTURE WORK

It is recommended to extend the theoretical developments presented
in this report along the following lines:

1) Numerically evaluate the function R,.g for typical boundary
layer profiles and panel configurations to obtain a better understanding
of the general behavior of the function.

2) Numerically evaluate the pressure distribution on a finite
stationary wavy wall and compare the results with available experi-
mental data.

3) Conduct a flutter analysis using the two-dimensional aerodynamic
theories developed and compare the results with avallable experimental
data.

4) Extend the present theories to the three-dimensional case.



APPENDIX A
UNSTEADY POTENTIAL FLOW EQUATIONS
It is interesting to develop from the previous results the more

familiar forms of the potential flow equations without boundary layer.

Unsteady Subsonic Flow (8§ = 0)

We have seen that for a traveling wavy wall boundary at y = 0
given by

w. = A elkx eimt

0 0 5 -® < X < 4o (A-1)

the subsonic potential becomes [see (23) and (43)]

ilw + KUN)

= —— 2 A
NN 0

Y10, Y .
¢N e NN eikx elmt (A=2)

where N and Yy are given by (24) and (25), respectively.

On the other hand, when the oscillating wall boundary at y = 0 is
given by T%ee (55ﬂ

wo(x,t) = zo(x) eiwt ; 0<x<a
=0 3 x<O0Oorx->a (A-3)
we find using (56) and (57) that

1(w + M) —vygony A% iwt

-_1 — £() e i e (A-4)
NN

-—00

where f()), given by. (56), is the Fourier Transform of LA

23
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Since

iwt aw0 aw0
i{w + AUN}f(A) e = F.T. 5T + UN e (A-5)
there follows from (A-4)
Bwo 3W0
F.T.(¢N) =-F.T. ( 57 + Uy 357 ) F-T-(Q (A-6)
where
e—YNONy
F.T.(Q) = o (A-7)
N N
Using (24) we find that
MNw
-i 2 X -
Ny T WO
F.T e Q p =5— (A-8)
NN
where
- 2 wz L2 W W
ON = AT - 2 4 > A > 2 or A < - 2
°y NN N'N
w2 2 12 w w
=i 2.4 - A I ~ 2 <A< (A-9)
N N N'N NN



Thus, o s \1/2
u _ A2 _ w
-1 x N 2 4 y
2 °N "y
NN 1 e
€ Q= cos Ax dia
Ty 1/2
N 2
A2 -
w 2 4
o v 2 ‘N N
N'N
f . 1/2
C 2 2 2
- o C *‘Y N
- L N_X / ‘J cos Ax dAa
™y 1/2
N w2 ,
—_— -
J 2 4
0 N "N
(Y]
1/2
( C..Y 2 u)z 2 /
N N sin 'YN W —_ A
- v BN cos Ax dA
LAl 1/2
N wz )
2 4~ 2
JO CN 'YN

(A-10)

Now [5 , p. 30]

) 1/2
J gl(x) cos (xy) dx = % Y, l:a(bZ + yz) ]
0]

25



where
-1/2 1/2
gl(x) = (a2 - x2) sin [P(az - x2) ] ;3 O<x<a

' 1/2
2 9 ~-1/2 _b(xz _ aZ)

= - (x" -a") e 3 X > a

and
* 1/2
g, (x) cos (xy) dx = Iy a(b2 + y2) /
2 270
0
where
9 -1/2 9 1/2
gz(x) = (a” - x) cos | b(a” - x7) ; 0 <x<a
=0 s X > a
Thus, M
i 7 X
c.Y 1/2
q-=- 1 e N'N 0 (2) w (x2 +y 2y2) (A-11)
2y 0 2 N
N CNYN

Taking the inverse transform of (A-5) and using (A-11), we find the
well-known result [3]

a +i 7 (x - &)

i 3w0(€,t) BWO(E,t) NN
0] ='§—— + U e

N ot N k3

0

1/2
Ho(z) = > [j(x -+ yz] g (A-12)
N'N



If w = 0, (A~9) gives

EN =|x] 3 —w <A<
and
L oo e—YNAY
Q = v cos Ax dA
N
0
1 2 2 2
= - oy n [f + YN Y ] (A-13)
N
thus,
a
w, (E,t)
_ L1 0 2 2.2 _
¢N = + ZWYN UN 5% n | (x E)° + YN Y dg (A-14)
0

fsee | 4 , p. 213 ] }.

Unsteady Supersonic Flow (8§ = 0)

The supersonic case can be obtained in a similar way using the super-
sonic potential corresponding to (A-1) { see (26) and (46) }

(w + AUY) “IBNTNY iax  dwt
e e e

¢, = - ———— A (A-15)
N BNTN 0
The velocity potential corresponding to (A-3) becomes
(w+ AU) -1iB8. T.¥ .
__ 1 N N'N iAx iwt _
by =~ 5 = e £(A) e dr e (A-16)

N'N

-0
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Using (A-5), there follows

WO BWN _ .
F.T.(¢N) = F.T. 3T + UN St F.T.{Q} (A-17)
where
_ ‘o 1BNTNy
F.T.(Q) = BTy (A-18)

so that, using (27)

F.T. \e Q({ = ——m (A-19)

where
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NON N N

P (A-20)
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Consequently,
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Now, [5, P 30]

- n 2 2.1/
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where

1/2
-1/2 2 2
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-1/2 1/2
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and [5, P 142]

gB(X)

1/2
2
g-JO [a(y2 - b%) ] HE 4

-

[ g4(x) sin (xy) dx

J
0

where

\
o
v
o
A
]
A
w

g4(X) =

Thus,




Taking the inverse transform of (A~17) yields {see [.3] }

x-B.y
1 BWO(E,t) .y Bwo(g,t) CNBN
o = B ot N 3
N
0
1/2
>< A l:(x -2 - BNzyz] dg  (A-23)

c.B
N™N

If w = 0, we find from (A-23)

x—BNy
by = -5 Uy 5 de
N BN N 9
0
UN
= - % Wo(x - Ny’t) - WO(O,t) (A_24)
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APPENDIX B

LITERATURE SURVEY

The major purposes of this survey are to examine current literature
pertaining to the unsteady flow associated with oscillating panels ex~
posed to thick turbulent boundary layers with low supersonic Mach numbers
and literature dealing with the obvious complicating mechanisms of un-
steadiness, turbulence, compressibility, and transonic perturbations.
Accordingly, the references are tabulated and briefly discussed in this
oxder.

General Problem

The influence of the presence of the boundary layer on the flow past
wavy walls is considered from the viewpoints of various authors in
references [l - Q]*. These papers are of prime importance in that they
represent the various current approaches to approximation of the problem
at hand. Miles [l] utilizes an inviscid, parallel shear flow model to
investigate traveling waves; Benjamin fZ] also considers traveling waves
but with viscous effects included; and Mercer }3] considers standing waves
with high frequency such as to omit consideration of a critical layer
within the turbulent boundary layer. Fung [3] considers a somewhat crude
model of the boundary layer represented as an inviscid subsonic uniform
flow region beneath a uniform supersonic free stream, his primary objective
being to include some effect of the boundary layer Mach number distribution.
McClure [4,6] attempts to consider the general problem involving viscosity,
compressibility, and turbulent boundary layer in a remarkable analysis.

The complication of the theory, however, renders it difficult to utilize
in a general investigation with a large number of parameters involved.

References [7] - [22] include work dealing with a number of related
problems in unsteady boundary layer flows whereas references [23] - [32]
pertain to turbulent boundary layers. References |33 ] - 39] include the
effects of compressibility on the viscous flow and finally references
[40] and [41] deal with the transonic flow past wave-shaped walls.

*Numbers in square brackets refer to the bibliography at the end
of this Appendix.
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APPENDIX C

MEAN FLOW EQUATIONS WITH SMALL PERTURBATIONS

The pressure distribution on a sinusoidally oscillating plate exposed
to a thick turbulent boundary layer must be considered from the stand-
point of the governing differential equations of continuity, momentum,
and energy, together with an equation of state. This complex problem
will first be considered on the form of a two-dimensional flow with
emphasis on the resulting form of the continuity and momentum equations
for small perturbations. The applicable governing equations are then:

P L 9 2 - _
3t T ax (bu) + dy (bv) =0 (c-1)
ap 9T
du du du _ _x yx
T dy  ax + dy (¢-2)
9p 9T
v v v _ 'y, _ Xy _
e e TPUN TPV T3y Tk (C-3)
where the definitions employed are:
P=-%(p +p, +p)
3 X y z
- _2 (3u 3v du
P+ Px 3 M\ ax + 3 +2 ox
2 du v 3V
P+Py"3“<ax+ay + 2 3y k (C-4)

o

+
=)
N

I

|
(RIIN
= .
ol
>¢|C‘.
+
Qi
|
\—/

du v
T =T =uy{ —+—
yX Xy Ay 3xX _



By using the continuity equation (C-1l), the momentum equations
(C-2) and (C-3) may be conveniently rewritten as

? 5 2 d P, asz

rys (ou) + v (pu™) +5§ (puv) = 5= F 5y (c-5)
ap 9T

o a_ 9_ 2y Y, Xy _

T v) + 5 (puv) + 3y v 3y + =% (C-6)

The turbulent flow may then be represented as composed of 'mean'" and
fluctuating components in all dependent variables where it is understood
that the fluctuating components are random in nature and not to be con-
fused with the regular fluctuations due to wall oscillations which are by
definition periodic and part of the "mean" flow. The fluctuations due to
turbulence are then defined by primed quantities as follows:

p = 5 +p' L (C-7)
P; = Py + pi' : i=x,vy,2
Ty T Tig T iyl 5 i=xmyez 5 14 )

These definitions are then utilized in equations (C-1), (C-5), and (C-6),
and the resulting equations time averaged over a period large in comparison
to the time of random fluctuations but small in comparison to the time

of "mean" variations such as the period of regular disturbances due to
wall oscillations. The resulting "mean" flow equations are as given by
Van Driest 23, Appendix B .
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Tt ay GO+ 6w =0 (c-8)

—_3_6_ '—_'f’_a. '—il—;l_=3_ - T 9 - T, 1
P ag teug *e y Bt( pu)+ax[px buw)'u
9 = S

+3}7 [Tyx— (V) u] (C-9)
_ﬁ _£ —'3_\-7=_3__ R 9 _ T
P g tPug *+o y 3t( pv)+3y[p v)'v

g
+ %};[ﬂ(y - (ou) 'v':, (C-10)

where the barred quantities represent the 'mean" values as given by the
time average. If in addition to the shear stress, equation (C-4), the
normal stresses are conventionally defined, one obtains:

\
du_2 (u 3y
Tex T 2 3% 3”<ax+a3)
= oy ¥ _ 2 (du _ 3v -
Tyy T M 3y 3“<8X+3y} g (C-11)
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These definitions allow_equations (C-9) and (C-10) to be written in
terms of the mean pressure, p, by use of
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X XX
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(c-12)

=-p+r1
Py Pty

It is then noted that the ''mean" values of the products of fluctuating
quantities enter equations (C-9) and (C-10) as two alternations to the
analogous laminar flow equations. The first of these is the appearance
of the apparent stress terms (pu)'u' , (@v)'u' , @v)'v' , and
(pu)'v' 3 the second appears as the unsteadiness of the 'mean' products
p'u' and p'v'.

This first alternation is handled in a more compact form by defining
the '"total" stresses as:

_ vor - -t w
Tox (pu)'u' = Tex
—t
T - (ew)'v' = 1
yy (o) yy
\ (C-13)
—t
_ [
Tyx (pv)'u' = Tyx
T - V=Tt AT "
Xy ew'v Xy * yx -/

The second alternation is, in effect, hidden by use of the identity
L Gup = Gup 3 Gun (c-14)
ot PY) T P TRp VY

and the continuity equation_(C-8) multiplied by the appropriate velocity
component of the mean flow u or v. With these improvements the system of
equations governing the flow is:
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yaliews (pu)+ay ev) =0 (C-15)

Sy L Ty 4 ooy 42 8 —t 3 Tt
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ct

(C-17)

These equations, as expressed, are in their least objectional form
from the standpoint of the turbulent nature of the flow, in that the "mean'
of products of the fluctuating quantities do not explicitly appear.
Equations (C-16) and (C-17) are simply the Navier-Stokes equations for
the "mean'" flow written in the form of equatioms (C-5) and (C~6); as such
they are not amenable to exact solution and recourse is made to approxi-
mate methods.,

Small Perturbations

An obvious simplification to the preceeding general formulation may
be accompolished by incorporating two reasonable assumptions:

1) The disturbances due to harmonic wall oscillations are assumed
to be small. In effect, the flow is described as the sum of a 'mean”
steady flow plus a '"mean" regular fluctuation which permits all flow
variables to be defined as:

_ o oy
¢ ) = () + ()
"mean'' flow steady ''mean" flow unsteady regular
fluctuation

2) The variations of the steady '"mean'" flow components (the flow
present in absence of wall oscillations) in the panel chordwise direction
are neglected.
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These assumptions are consistent with the approach used in inviscid
flow over wavy walls of infinite extent wherein mathematical simplification
is desirable and permissible., Further simplifications in the inviscid
theories, by order of magnitude analysis, lead to the linearized theories
for subsonic and supersonic flow and the nonlinear theory for transonic
flow.

A detailed discussion of these assumptions and their consequences is
given in the following development.

Steady Mean Turbulent Flow

The neglect of chordwise variations of flow variables in the "mean"
steady flow component requires that

3 () _ -

. =0 (C-18)
In addition,

3 () _

ot =0

by definition and the governing equations (C-15) - (C-17) then reduce to
the simple equations that follow:

continuity %;-(E;) =0 (C-19)
3 —~—-. 3 = °

X-momentum 5;-(pv u) = 3; Tyx (Cc-20)
8 — -, .93 3 = °

y-momentum 5;'(pv v) + 5y = 3; Tyy (C-21)

A detailed examination of these equations ylelds some insight into
the structure of the steady 'mean'" flow component, which 1is desirable,
inasmuch as deviations from this state must be due to the wall oscillation.
Consideration of each of these equations follows:

Continuity, Steady Mean Flow. As a result of equation (C-19) and
the boundary condition

pv 0

wall =
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one obtains

pv =0 (c-22)

Further, by definition

pv =pv +p'v'

so that

v! (c-23)

X-Momentum, Steady Mean Flow. By definition

- N et w e
Tyx E Tyx bv)'u
- (8u  3v —
z “<ay + o ev)'u

so by virtue of equation (C-19) or (C-22) and the boundary condition

v)'u' 0

wall ~
equation (C-20) yields for the assumed steady "mean" flow:
du

=1 _8-}7 + (ov)'u' (c-24)
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y-Momentum, Steady Mean Flow. By definition
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so by virtue of equation (C-19) or (C-22) and the boundary condition

) 'v'

wall

equation (C-21) yields for the assumed steady "mean" flow:

- L4 3v_ a3y
P = Pya1z; T3 H

3y 3y - (pv)'v' (C-25)

wall

The resulting steady ''mean" flow is then the compressible counter-
part of a steady, parallel, incompressible shear flow. While a solution
for the "mean" steady flow is not sought, it is both interesting and
necessary to formulate the consequences of the neglect of chordwise
variations of flow as given by equations (C-22), (C-23), (C-24), and
(C~25). 1In particular, it is evident that a pressure variation through
the thick turbulent boundary layer is present and contains, according to
equation (C-25), contributions due the turbulent character of the flow
and a combination viscous compressibility term. It is intuitively assumed
that this pressure variation is small; in any case, it is the deviation
from this state, due to the wall oscillations, in the presence of the
boundary layer that is sought.

Small Perturbation Equations

The results of assuming small perturbations to the steady "mean"
turbulent flow due to regular wall oscillations are found by rewriting
the governing equations (C-15) - (C-17) replacing the total "mean'" flow
variables with their corresponding sum of steady and regular fluctuatiomns,
The deviations from the steady "mean" flow may then be examined in the
form of governing equatioms for the perturbations inasmuch as the steady
"mean" flow satisfies equations (C-19) - (C-21).

Continuity, Perturbed Mean Flow. Inasmuch as no products of variables

appear in the continuity equation (C-15), the corresponding perturbation
equation is given by

e 6D + 5 6W -0 (C-26)
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x-Momentum, Perturbed Mean Flow. Equation (C-16) becomes upon
substitution

where the symbol () now refers only to the steady component of the
"mean" flow. Neglecting products of small terms and utilizing equations
(C-19) and (C-20) this equation reduces to the corresponding X-momentum
perturbation equation:

3 U . VU 3u v . 9p 3 v " .3 o
o ou opou ou . = vV,99p _ o o
ot bu) +pu d + 9x tbv y +tu oy + 9x X xx + dy Tyx

y—Momentum, Perturbed Mean Flow. Similarly equation (C-17) is
expanded by substitution to obtain:

e R AR [(E’J+Sﬁ)($+$)] T [(ﬁ+3’#)($+$>}

ot
I L - O A
oy yy vy 9x xy Xy

and reduced in like manner to the y-momentum equation
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Perturbation Equations, Alternate Forms. Collecting the perturbation
equations, one has

Y
LDy eH =0 (c-26)

5 3y U v D %ov 9 5 v t LA v ot
3 — 3u , = Ppu 8u ., =~ 8%v 8 _3_ 3
(pu) +pu = T u S +pv + u By + 5 T + T

v Y VA" v
3 v L BV -8, vV L oY, 3B _3 vt 3 vt
(pv)+puax+vax + pu +v8y +8y T + T

(C-28)

Alternately, using equation (C-26), equations (C-27) and (C-28) may be
rewritten as

" Y% - Y
3y 5 yoglu ovdu %3 ot 8 %ot -
ot o Uge T oY Ak tov y *tox T ok Txx dy Tyx (C-27a)
3 % 3V . vy L 9p B v t 3 N ot
o -3 ou X KA ARSI g -
Y (ov) \ry: 4+ pu v +pv 3y + 3y 5y Tyy + ™ Txy (C-28a)

Expanding the unsteady terms in equations (C-27a) and (C-28a) shows
that

3 F au
-~ - 3u
5r PW - U =0 5y
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and

n n,
9_ vy = _ -3V
5t PV) VL TP o

and the momentum equations (C-27) and (C-28) are most conveniently written
in the form

~n n - n
- Ju — 3u AVAZNE] Y] 82=3'\»t 3 v t
o ot +eu ox tov dy + ox ox Txx + oy Tyx (C-27b)
dy  — 3V , WV . dp _ 3 N t ., D v ot
CAA ov oy ., 9p _ 9 g -
P t +to 9% tev Jy + dy oy Tyy + oX Txy (C-28b)

where, neglecting products of small terms
vy - Ny
pv =pv +pv (c-29)

Utilizing equation (C-29) and a similar result for 8’3, the convective
derivatives in equation (C-26) may be expanded. The expansion of the
latter yields

n -— - Y]
9 e - 9du |, vo9p vdu = 9
Bx(pu)-'pax+u3x+p3x+u8x

but the second and third terms on the right are zero by definition of
the mean flow so that

n n
S Ny _ - 9du | = dp
P u) =p = T U g (Cc-30)
and likewise
5w W . v L Ay %
- - v - N
5y Gv) p ay+v8y+p_3y+vay (Cc-31)
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Perturbation Equations, Final Form.

(C-32)

Finally, collecting results,

equations (C-32), (C-27b), and (C-28b) provide the governing equations
of momentum and continuity in their most tractable form:
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In fdrmulating these perturbation equations; it has been assumed,
as evidenced by equations (C-33e), that the perturbations do not influence
the character of the turbulence, that is:

WYt = 0
WYY =0
VWY =0
WY =0

This assumption effectively eliminates the indeterminate situation due

to the presence of turbulence and its corresponding "apparent' stress
terms and allows one to consider the present problem as a pseudo-laminar
flow. Examination of the governing equations, on the other hand, reveals
that the mathematical situation consists of three equations in which the
"mean'" steady flow properties

Py Uy Vy PU, ¥

are regarded as known or prescribed coefficients and the perturbation
quantities

are regarded as the dependent variables. Obviously, except in the case
of incompressible perturbations, this situation necessitates consideration
of the energy equation and an equation of state.
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Fig. 1. 1Idealized Boundary Layer with Notations.
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